We propose the superintegrable generalization of Smorodinsky-Winternitz system on the Ndimensional complex Euclidian space which is specified by the presence of constant magnetic field. We find that in addition to 2N Liouville integrals the system has additional functionally independent constants of motion, and compute their symmetry algebra. We perform the Kustaanheimo-Stiefel transformation of C 2 -Smorodinsky-Winternitz system to the (three-dimensional) generalized MICZKepler problem and find the symmetry algebra of the latter one. We observe that constant magnetic field appearing in the initial system has no qualitative impact on the resulting system.
I. INTRODUCTION
The one-dimensional singular oscillator is a textbook example of a system which is exactly solvable both on classical and quantum levels.The sum of its N copies, i.e. N -dimensional singular isotropic oscillator is, obviously, exactly solvable as well. It is given by the Hamiltonian
It is not obvious that in addition to Liouville Integrals I i this system possesses supplementary series of constants of motion, and is respectively, maximally superintegrable, i.e. possesses 2N − 1 functionally independent constants of motion. All these constants of motion are of the second order on momenta, which guarantee the separability of variables in few coordinate systems and cause degeneracy of the energy spectrum in quantum level. Seems that this was first noticed by Smorodinsky and Winternitz, who then investigated superintegrability properties of this system in great detail [1] . For this reason this model is sometimes called Smorodinsky-Winternitz system and we will use this name as well. For sure, such a simple and internally reach system was obliged to attract wide attention in mathematical and theoretical physics society, so that the number of publications devoted to its study and further generalizations is enormous, among other ones, we should mention the references [2] [3] [4] (see also the recent PhD thesis on this subject with expanded list of references [5] ). Notice also that Smorodinsky-Winternitz system is a simplest case of the generalized Calogero model(with oscillator potential) associated an arbitrary Coxeter root system [6] . Thus, one hopes that observations done in this simple model could be somehow extended to the Calogero models. There is well-known superintegrable generalization of the oscillator to sphere, which is known as Higgs oscillator [7] Smorodinsky-Winternitz model admits superintegrable generalization of the sphere as well [8] . It may sound strange, but it was later rediscovered by many authors, e.g. [9] , though was actually suggested by Rosochatius in XIX century (without noticing its superintegrability) [10] . Superintegrable generalization of Calogero model on the sphere also exists [11] . In this paper we consider simple generalization of the Smorodinsky-Winternitz system interacting with constant magnetic field. It is defined on the N -dimensional complex Euclidian space parameterized by the coordinates z a by the Hamiltonian
The (complex) momenta π a have nonzero Poisson brackets due to the presence of magnetic field with magnitude B.
We will refer this model as C N -Smorodinsky-Winternitz system. For sure, in the absence of magnetic field this model could be easily reduced to the conventional Smorodinsky-Winternitz model, but the presence of magnetic field could have nontrivial impact which will be studied in this paper. So, our main goal is to investigate the whole symmetry algebra of this system. Notice that this is not only for academic interest: the matter is that C 1 -SmorodinskyWinternitz system is a popular model for the qualitative study of the so-called quantum ring [12] , and the study of its behaviour in external magnetic field is quite a natural task. Respectively, C N -Smorodinsky-Winternitz could be viewed as an ensemble of N quantum rings interacting with external magnetic field. So that investigation of its symmetry algebra is of the physical importance.
It is well-known for many years that the energy surface of two-/three-/five-dimensional Coulomb system could be transformed to those of two-/four-/eight-dimensional oscillator by the use of so-called Levi-CivitaBohlin/Kustaanheimo-Stiefel/Hurvitz transformation. More generally, reducing the two-/four-/eight-dimensional oscillator (-like) models by the action of Z 2 /U (1)/SU (2) group action, we can get the two-/three-/five-dimensional Coulomb-like systems specified by the presence of (Z 2 /Dirac/Yang)monopole [13] . Since C 2 -Smorodinsky-Winternitz system is manifestly invariant with respect to U (1) group action, we can then perform its Kustaanheimo-Stiefel transformation, in order to obtain three-dimensional Coulomb-like system. It was done some ten years ago [14] , but in the absence of magnetic field in initial system. Repeating this transformation for the system with constant magnetic field we get unexpected result, that it has no qualitative impact in the resulting system, which was referred in [15] as "generalized MICZ-Kepler system". In addition, we obtain, in this way, the explicit expression of its symmetry generators and their symmetry algebra, which was not constructed before, to our best knowledge.
We already mentioned that both oscillator and Smorodinsky-Winternitz system admit superintegrable generalizations to the spheres. On the other hand the isotropic oscillator on C N admits the superintegrable generalization on the complex projective space, moreover, the inclusion of constant magnetic field preserves all symmetries of that system [16] . It will be shown that introduction of a constant magnetic field doesn't change these properties of the C N -Smorodinsky-Winternitz system. Thus, presented model could be viewed as a first step towards the construction of the analog of Smorodinsky-Winternitz system on CP N . The paper is organized as follows. In the Section 2 we review the main properties of the conventional (R N -)Smorodinsky-Winternitz system, presenting explicit expressions of its symmetry generators, as well as wavefunctions and Energy spectrum. We also write down symmetry algebra in a very simple, and seemingly new form via redefinition of symmetry generators.
In the Section 3 we present C N -Smorodinsky-Winternitz system in a constant magnetic field, find the explicit expressions of its constants of motion. We compute their algebra and find that it is independent from the magnitude of constant magnetic field. Then we quantize a system and obtain wavefunctions and energy spectrum. We notice that the C N -Smorodinsky-Winternitz system has the same degree of degeneracy as R N -one, due to the lost part of additional symmetry.
In the Section 4 we perform Kustaanheimo-Stieffel transformation of the C 2 -Smorodinsky-Winternitz system in constant magnetic field and obtain, in this way, the so-called "generalized MICZ-Kepler system". We find that constant magnetic field appearing in the initial system, does not lead to any changes in the resulting one.
In the Section 5 we discuss the obtained results and possibilites of furthur generalizations. Possible extensions of discussed system include supersymmetrization and quaternionic generalization as well as generalization of these systems in curved background.
II. SMORODINSKY-WINTERNITZ SYSTEM ON R N
Smorodinsky-Winternitz system is defined as a sum of N copies of one-dimensional singular oscillators (1), each of them defined by generators I i which obviously form its Liouville integrals {I i , I j } = 0. Some fifty years ago it was noticed that this system possesses additional set of constants of motion given by the expressions [ 
where L ij are the generators of SO(N ) algebra,
The generators I ij provides additional N − 1 functionally independent constants of motions and so this system is maximally superintegrable. These generators define highly nonlinear symmetry algebra,
where
The generators S 2 ij and T 2 ijk are of the sixth-order in momenta and antisymmetric over i, j, k indices. The above symmetry algebra could be written in a compact form if we introduce the notation
Then one can introduce capital letters which will take values from 0 to N . It is worth to mention that M IJ is a symmetric, whereas R IJK is antisymmetric with respect to all indices. In this terms the whole symmetry algebra of Smorodinsky-Winternitz system reads
One important fact should be mentioned, although in this algebra on the right side we have sum of many terms (square roots) only one term always survives, since in case of three indices are equal, the result is automatically 0. Consequently in this algebra we always have one square root on the right hand side. Quantum-mechanically the maximal superintegrability is reflected in the dependence of its energy spectrum on the single,"principal" quantum number only. Having in mind that in Cartesian coordinates the system decouples to the set of one-dimensional singular oscillators, we can immediately extract the expressions for its wavefunctions and spectrum from the standard textbooks on quantum mechanics, e.g. [17] ,
, ωx
Here F is the hypergeometric function. With these expressions at hands we are ready to study Smorodinsky-Winternitz system on complex Euclidean space in the presence of constant magnetic field.
III. C N -SMORODINSKY-WINTERNITZ SYSTEM
Now let us study 2N -dimensional analog of Smorodinsky-Winternitz system interacting with constant magnetic field. It is defined by (2) and could be viewed as an analog of Smorodinsky-Winternitz system on complex Euclidian space C N , ds 2 = N a=1 dz a dz a . Thus, we will refer it as C N -Smorodinsky-Winternitz system. The analog of SWsystem which respects the inclusion of constant magnetic field is defined as follows,
where z a , π a are complex (phase space) variables with the following non-zero Poisson bracket relations
For sure, it can be interpreted as a sum of N two-dimensional singular oscillators interacting with constant magnetic field perpendicular to the plane. It is obvious that in addition to N commuting constants of motion I a this system has another set of N constants of motion defining manifest (U (1)) N symmetries of the system
and supplementary, non-obvious, set of constants of motion defined in complete analogy with those of conventional Smorodinsky-Winternitz system:
with L ab being generators of SU (N ) algebra
These symmetry generators, and I a obviously commute with L aā due to manifest U (1) N symmetry
The rest Poisson brackets between them are highly nontrivial
To write the symmetry algebra in a simpler form we can redefine the generators
Since L aā commute with all other generators Poisson brackets of M will exactly coincide with the Poisson brackets of I ab and I a . Similarly the R tensor is defined as in the real case. So the algebra will have the following form
Needless to say that L aā commute with all the other constants of motion. Finally the full symmetry algebra then reads
Again capital letters take values from 0 to N . In the complex case R ABC and M AB are again respectively antisymmetric and symmetric as in the real case. Up to multiplication by a constant this has the same form as the symmetry algebra for the real case.
Quantization
Quantization will be done using the fact that C N -Smorodinsky-Winternitz system is a sum of two dimensional singular oscillators. This allows to write the wave function as a product of N wave functions and total energy of the system as a sum of the energies of its subsystems. So the initial problem reduces to two-dimensional one.
After this reduction, complex indices can be temporarily dropped. Now it is obvious to introduce the momenta operators and commutation relations, which will have the following form in the presence of constant magnetic field.
Schrodinger equation can be written down
Even in this two-dimensional system additional separation of variables can be done if one writes this system in a polar coordinates using the fact that z = r √ 2 e iφ .
Further separation of variables can be done and one can use the fact that L is a constant of motion.
Using the explicit form of the U (1) generator, normalized solution can be written
This result allows to write the equation (30) in the following form
Solution of this kind of Schrodinger equation can be written down. The final result for the wave functions of twodimensional system and the energy spectrum are as follows
Finally the indices of C N can be recovered. The total wave function is a product of the wavefunctions and the total energy is the sum of the energies of two-dimensional subsystems
In contrast to the real case the energy spectrum of the C N -Smorodinky-Winternitz system depends on N + 1 quantum numbers.
IV. KUSTAANHEIMO-STIEFEL TRANSFORMATION
Then the symmetry generators for the "generalized MICZ-Kepler system" can be written down,
It is important to notice that I is a generalization of the z-component of the Runge-Lenz vector. The relation of the initial system and the reduced one will allow to find the symmetry algebra of the final system using the previously obtained result for the complex Smorodinsky-Winternitz system. First of all the constants of motion in the initial system will also commute with the reduced Hamiltonian.
Moreover since in the initial system L aā generators commute with all the other constants of motion one can write.
There is only one non-trivial commutator
S here coincides with S 12 of C 2 -Smorodinsky-Winternitz system and can be written using the generators of the reduced system.
There is a crucial fact that should be mentioned. Although the initial system had an interaction with magnetic field, after reduction we don't have any dependence on B both in symplectic structure and in generators of the symmetry algebra, at least in classical level. In other words the reduced system does not feel the magnetic field of the initial system.
V. DISCUSSION AND OUTLOOK
In this paper we formulated, on the N -dimensional complex Euclidian space C N the analog Smorodinksy-Winternitz system interacting with a constant magnetic field. We found it has 3N − 1 functionally independent constants of motion and derived the symmetry algebra of this system. Quantization of these systems is also discussed. While for the real Smorodinsky-Winternitz system energy spectrum is totally degenerate and depends on single ("principal") quantum number, the C N -Smorodinsky-Winternitz energy spectrum depends on N + 1 quantum numbers. Then we performed Kustaanheimo-Stiefel transformation of the C 2 -Smorodinsky-Winternitz system and reduced it to the so-called "generalized MICZ-Kepler problem". We obtained the symmetry algebra of the latter system using the result obtained for the initial ones. Moreover we have shown that the presence of constant magnetic field in the initial problem does not affect the reduced system.
There are several generalizations one can perform for this system. Straightforward task is the construction of a quaternionic (H N -) analog of this system. While complex structure allows to introduce constant magnetic field without violating the superintegrability, quaternionic structure should allow to introduce interaction with SU (2) instanton. It seems that one can also introduce the superintegrable analogs of the C N -/H N -Smorodinsky-Winternitz systems on the complex/quaternionic projective space CP N /HP N , having in mind the existence of such generalization for the C N -/(H N -) oscillator [16, 18] . We expect that the inclusion of a constant magnetic/instanton field does not cause any qualitative changes for this system. These generalizations will be discussed later on.
